The zero temperature quenching dynamics of the ferromagnetic Ising model on a densely connected small world network is studied where long range bonds are added randomly with a finite probability p. We find that in contrast to the sparsely connected networks and random graph, there is no freezing and an initial random configuration of the spins reaches the equilibrium configuration within a very few Monte Carlo time steps in the thermodynamic limit for any p = 0. The residual energy and the number of spins flipped at any time shows an exponential relaxation to equilibrium. The persistence probability is also studied and it shows a saturation within a few time steps, the saturation value being 0.5 in the thermodynamic limit. These results are explained in the light of the topological properties of the network which is highly clustered and has a novel small world behaviour.
Introduction
It is well known that the one dimensional Ising model with nearest neighbour interaction does not have any nontrivial phase transition. However, a drastic change is observed in its critical behavior when even a few long range interactions are added randomly. Such a one dimensional lattice with extra random connections is known to behave as a small-world network (SWN) [1] [2] [3] , which means that the average shortest distance between any two sites in this lattice scales with the logarithm of the number of sites. The Ising model on small world networks not only has a finite temperature phase transition [4, 5] , but the critical behavior is also mean-field like [6] [7] [8] [9] [10] [11] . A network in which the distribution of the number of links follows a power-law is known as a scale free network (SFN). Here also a finite temperature phase transition of the Ising model with a diverging critical temperature [12] has been observed.
Recently, quite a few studies on the dynamical properties of the Ising model on random graphs as well as networks have been reported both at finite and zero temperatures [13] [14] [15] [16] [17] [18] [19] . Dynamics of Ising models is a much studied phenomenon and has emerged as a rich field of present-day research. Models having same static critical behavior may display different behavior when dynamic critical phenomena are considered [20] . An important dynamical feature commonly studied is the quenching phenomenon below the critical temperature. In a quenching process, the system has a disordered initial configuration corresponding a e-mail: psphy@caluniv.ac.in to a high temperature and its temperature is suddenly dropped. This results in quite a few interesting phenomena like domain growth [21, 22] , persistence [23] [24] [25] [26] [27] etc.
In one dimension, a zero temperature quench of the Ising model ultimately leads to the equilibrium configuration, i.e., all spins point up (or down). The average domain size D increases in time t as D(t) ∼ t 1/z , where z is the dynamical exponent. As the system coarsens, the magnetisation also grows in time as m(t) ∼ t 1/2z . In two or higher dimensions, however, the system does not always reach equilibrium [27] although these scaling relations still hold good.
Apart from the domain growth phenomenon, another important dynamical behavior commonly studied is persistence. In Ising model, persistence is simply the probability that a spin has not flipped till time t and is given by P (t) ∼ t −θ . θ is called the persistence exponent and is unrelated to any other static or dynamic exponents. Persistence can also be studied at finite temperatures and the exponent may change at the critical temperature [25, 28] .
We have studied the zero temperature quenching dynamics of the ferromagnetic Ising model on a SWN. It is important to carefully describe the type of network under consideration. There are two well-known methods of generating a small world network starting from a chain of nodes having connections with nearest neighbours only. These are (a) the addition type, where new long range (LR) bonds are added randomly keeping the nearest neighbour connections intact, and (b) the rewiring type where the existing nearest neighbour bonds are rewired to distant neighbours randomly. In the first case, when 392 The European Physical Journal B bonds are added with probability p, the total number of LR bonds is pN 2 for large N (N is the number of nodes). Even with p ∼ 1/N , i.e., with a finite number of LR bonds, a phase transition has been observed in the Ising model [5] . While considering the dynamics of Ising models on addition type network, again p = γ/N has been the usual choice, where γ is a finite quantity. The dynamical behaviour of such a network for any value of γ > 1 is comparable to that of the random graph in the sense that the system fails to reach its global minimum energy with zero temperature Glauber dynamics even in the thermodynamic limit [13, 14] . Quenching dynamics of the Ising model on the scale-free network has also been considered recently [19] with an average connectivity k = pN for each node. Here k was fixed such that p ∼ 1/N . The results again show a freezing at zero temperature.
In our study, we have considered an addition type network generated from a one-dimensional chain of Ising spins with nearest neigbours. Here each node has pN number of LR bonds with p fixed (i.e., finite in the limit N → ∞) such that the network is a densely connected network. In this network, we have shown that the freezing or blocking effect is removed for any p > 0 in the thermodynamic limit. This conclusion is reached by studying various quantities like the domain sizes, magnetisation, residual energy, number of flipped spins etc. as functions of time. We also find that the relaxation to the equilibrium state is exponential.
The study of persistence of the Ising model on this network shows that there is no algebraic decay as it reaches a constant finite value similar to what happens in lattices of dimension greater than three [25] . The behaviour of P (t) with p is described in detail later in the paper.
In Section 2 we describe the dynamical model under consideration and the physical quantities calculated. The topological properties of the network are described in Section 3 where we find that there is a novel behaviour of the network as far as small world property is concerned. The results are discussed in Section 4. Summary and some conclusive comments have been given in Section 5.
The models and dynamic properties studied
We have considered a one-dimensional ferromagnetic Ising model on a network, in which, apart from nearest neighbour links, there exist some random long range connections with probability p. The Hamiltonian for this system is
where s i = ±1 is the state of the spin at the ith site, J ij = 1 for nearest neighbours and for other neighbours equal to 1 with probability p. The Hamiltonian should be divided by a factor of pN , however, at T = 0, only the sign of the energy differences are required for the Glauber dynamics and therefore this factor has not been included.
We have simulated this system with periodic boundary condition. The initial configuration is random and single spin flip Glauber dynamics has been used for subsequent updating, i.e., a spin is picked up at random and flipped if the resulting configuration has lower energy, never flipped if the energy is raised and flipped with probability 1/2 if there is no change in energy on flipping.
We have estimated the following quantities in the system,
(1) Average domain size D(t) at time t.
(2) Magnetization m(t) as a function of time (the average magnetisation being zero from symmetry, here m(t) has been calculated by taking the average of the absolute values of the magnetisation).
(3) Residual energy E r (t) = E(t) − E g where E g is the energy of the ground state and E(t) the energy at time t. (4) N flip (t), the number of spin flips at time t.
(5) Persistence probability P (t) defined as in Section 1.
When considering the domains, we have in mind the original one-dimensional lattice and measure the domain size along it.
In finite dimensional nearest neighbour Ising models, the dynamics of these quantities is governed by the exponents θ and z, i.e.,
with θ = 0.375 and z = 2 in one dimension.
In principle, it is not essential to study all these quantities to determine the characteristics of the dynamical system. However, in a numerical study, it is better to check that the behavior of these different quantities is consistent with a single z and θ.
Since freezing is a key question here, we have also calculated the freezing probability F (p) as a function of p for various system sizes. Several other quantities and exponents related to domain dynamics in the quenching phenomena can be defined [29] , but here we have restricted our study to those mentioned above.
In the simulations, we have restricted the system sizes to N ≤ 1000 as a large number of configurations is required to have accurate data. The results have been averaged out over 1000 initial configurations and network configurations (typically). As the network is densely connected, the updatings consume a lot of CPU time forcing us to restrict our study to rather small system sizes.
Topological properties of the network
The essential difference between a simple one dimensional lattice with nearest neighbour links and the present network lies in the topology of the networks. The topological properties of a network like the average shortest distances S (here distance means number of steps required to reach another node) and the clustering coefficient C
